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Preface

Who This Book Is For

AMC 10/12 and AIME students seeking a concise, competition-ready guide to complex

numbers.

You should use this book if you:

e Want to manipulate complex numbers algebraically and geometrically
e Need roots of unity and polar form at your fingertips

e Prefer seeing geometric meaning (vectors, rotations) alongside algebra

What Makes This Book Different

We pair algebraic manipulation with geometric intuition so you can choose the right form
(rectangular vs. polar) instantly on contest problems.

How to Use This Book

1. Master core operations (conjugation, modulus, argument) first.
2. Work examples before reading solutions; check every algebraic step.

3. Keep a mini-sheet of common polar/rectangular conversions and De Moivre.

Colored Boxes Guide

e Concepts: Core ideas and methods
e Examples: Worked problems with detailed solutions

e Remarks: Strategic insights and tips

Study Recommendations

e Rewrite expressions in both rectangular and polar to build flexibility

e Memorize key roots of unity and their geometry
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e Practice multiplication/division in polar for speed

e Check answers by converting back and forth

Prerequisites

Algebra fluency, comfort with basic trigonometry, and readiness to interpret geometric mean-

ing in the complex plane.

Beyond This Book

Use past AMC/AIME problems; after solving, note whether polar or rectangular form was

faster.

Acknowledgements

Thanks to contest authors and mentors whose problems motivate these techniques.
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Scope and Purpose

This chapter develops complex numbers at a level sufficient to solve all AMC 12 problems
involving complex numbers, including those that combine algebra, geometry, and trigonom-

etry.

Emphasis:
e structural understanding,
e geometric interpretation,

e recognition of common AMC problem archetypes.

1 Basic Definitions

Complex number: A number of the form z = a + bi where a,b € R and 2 = —1.

At this point, notice that the real and imaginary parts give a natural vector view: operations

on z act componentwise on (a, b).

Powers of i:

What pattern should we look for first? The period modulo 4 governs any large power of ¢.

AMC 10/12 style. Compute 72923,

Solution:

What should we look for first? The remainder of the exponent modulo 4. Now comes the

key observation: powers of i repeat every 4. Divide 2023 by 4:
2023 =4 - 505 + 3.

72023 ;4-505+3 _ (i4)505 . Z’3 — 1505 . 7:3

Therefore, 1 = =1’ = —1.

Answer: — 1
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2 Algebra of Complex Numbers

Addition/Subtraction:

(a+bi) £ (c+di) = (atc)+ (bxd)i.

Multiplication:
(a+ bi)(c+ di) = (ac — bd) + (ad + be)i.

Real /Imag parts: For z = a+bi, ®(z) = a and $(z) = b (the imaginary part excludes the

factor ).

At this point, notice that isolating R(z) and J(z) early often simplifies equations and checks.

AMC 12. If z + 67 = iz, find z.

Solution:

What should we look for first? Collect the terms in z on one side. Now comes the key
observation: solving linear complex equations mirrors real algebra, then we rationalize using

a conjugate. Rearrange to isolate z:

2460 =izz —iz = —6iz(1 — i) = —61.

Divide by (1 —4):
—61

1—14

z =

Multiply numerator and denominator by the conjugate 1 + 4:

—6i(1+i)  —6i—6i> —6i+6 6—Gi
(1—-i)(1+4)  1—-42  1+1 2

=3 — 3i.

Check: 2 +6i=3—-3i+6i=3+3iandiz=1i(3—3i) =31 —3i*=31+3=3+3i. vV

‘Answer: z=3— 31"

3 Complex Conjugates

Conjugate: Z =a — bi for z = a + bi.
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Product with conjugate:

2% =a’+b* (always real and nonnegative).

Let’s pause and interpret what this gives us: multiplying by the conjugate extracts |z|?,
which is purely real.

AMC 12. Let z satisfy 24+ 2z =6 and 2z = 13. Find z.

Solution:

What should we look for first? Translate each condition into statements about a and b. Let
z = a+ bi where a,b € R. Then zZ = a — b:.

From the first condition:

z4+zZ=(a+bi)+(a—bi)=2a=6 = a=3.

From the second condition:

z-Z=(a+bi)(a—bi) =a®>+b* = 13.

Substituting a = 3:
9+ =13 = b’ =4 = b==42.

Therefore, z =34 2i or z =3 — 2i.

‘Answer: z=3=x 2@"

4 The Complex Plane

Point representation: z = a + bi corresponds to (a,b) in the plane; axes are real (hori-

zontal) and imaginary (vertical).

Magnitude:
|z| = Va?+b? (distance from the origin).
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AMC 12. Describe geometrically the set of all z such that |z — 2i| = 3.

Solution:

Why might this formula be useful here? |z — w| measures distance from w. The equation
|z — 2i| = 3 represents all complex numbers z whose distance from the point 2i is exactly 3.

In the complex plane, 2i corresponds to the point (0,2) on the imaginary axis, and the
condition describes a circle of radius 3 centered at this point.

Answer: A circle of radius 3 centered at (0, 2).

5 Polar Form and Euler’s Formula

Argument: arg z is the angle from the positive real axis to z.

Polar form:

z=r(cosf +isinf), r=|z|, 0 =argz.

Euler:

0

e’ =cos +isinf, z=re’.

De Moivre (integer n):

2" = r"(cosnf + isinnb).

Which form should we choose when powering or multiplying? Polar form turns products

and powers into simple angle and magnitude arithmetic.

AMC 12. Compute (1 + ).

Solution:

What should we look for first? A representation that makes taking the 10th power easy.
Now comes the key observation: convert to polar and apply De Moivre. Convert 1+ i to

polar form. We have:

1+i] = V12 +12 = V2, arg(1+z‘):45°:%.

So 1+ i = /24,
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Using De Moivre’s theorem:
10 , : .
(1+)" = <\/§> 10T/ — 95i5m/2 — 3912 4n/2) _ 3901m/2 — 39

ibm/2 ei(2ﬂ+77/2) — ei7r/2 ;

Alternatively, note that e =1.

\ Answer: 32; \

6 Geometry via Complex Numbers

Complex numbers encode planar geometry elegantly: rotations, regular polygons, and
symmetry often become simple products. The key insight is that multiplication in the

complex plane corresponds to scaling and rotation simultaneously.

Core Geometric Operations

Rotation: Multiplying a complex number z by e rotates it counterclockwise by angle 6

about the origin, preserving magnitude. In general:

- 619 _ |Z’ei(argz+0)'

Let’s pause and interpret what this gives us: multiplication by e is pure rotation; real
scaling and angle addition happen independently.

Scaling: Multiplying by a positive real number r scales the magnitude by r without changing
the argument: z - r = r|z|e’®&=.

Spiral Similarity: Multiplying by re? (where r > 0,6 # 0) combines rotation and scal-
ing—a spiral transformation about the origin.

Translation: Adding a fixed complex number w to all points translates them by the vector
(w) in the complex plane: z — z + w.

Reflection about the real axis: Taking the conjugate Z.
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Distance and Magnitude in Geometry

Distance formula: The distance between two points z; and z; in the complex plane is

d(z1,22) = |22 — z1].
Circle: The set of all points at distance r from a center z, forms a circle:
{z€C:|z— 2| =r}

Midpoint: The midpoint between z; and 2z, is %

At this point, notice how these formulas mirror Euclidean geometry with complex arithmetic
as concise notation.
Polygon Geometry

Equilateral triangles: Three points 21, 23, z3 form an equilateral triangle if and only if

Z2 — 21

2
S
20 e o),

2mi/3

where w = e is a primitive cube root of unity. Geometrically, this means the angle at z;

is 60° and the ratio of side lengths is 1.

Isosceles right triangles: The points z1, 22, 23 form an isosceles right triangle (right angle

at z1) if and only if

2TA_ 4y

zZ3 — 21
This means the sides from z; are perpendicular and equal in length.
Regular n-gons: A set of n equally-spaced points on a circle centered at w with radius r

can be written as
wHr-e?Fm o p=01,...,n—1.

Worked Example 1: Equilateral Triangle from Origin

AMC 12. How many nonzero z make 0, z, 2> the vertices of an equilateral triangle?

Solution:
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What should we check first? The rotation ratio between two sides from the same vertex.
For three points to form an equilateral triangle, we use the criterion: points wy, ws, w3 form

an equilateral triangle if and only if

Wy — W1 2 2ri
—— c{w,w?}, w=ems
w3z — W1

With vertices 0, z, 23, we apply this by taking w; = 0:

220 _z_ o,
2 -0 23

We need 272 € {w,w?}, so either:
Now comes the key observation: solving 272 € {w,w?} reduces to square roots on the unit
circle.

1. 22 = oy = 2mi/3 2

, which gives z ! 2 = o7 2mi/3 = g4mi/3

=W =w'=e€

Solving 2% = €*™/3: The two square roots are

oy = 62771/3 and 2z = 6271'1/3—}—7” _ 657”/3'
2. 272 = w? = /3 which gives 22 = w2 = w = >™/5.
Solving 22 = €*™/3: The two square roots are
» = 67T’L/3 and z = 67T’L/3+7Tl — 647”/3.

The four solutions are z € {e™/3, ?™/3, ¢4mi/3 €5/31 " all nonzero.

Worked Example 2: Rotation and Scaling

AMC 12. A point P corresponds to the complex number z. After a 120° counter-

clockwise rotation about the origin, the image is exactly z®. Find all nonzero z.

Solution:

What transformation should we model first? A 120° rotation about the origin. A 120°

i-21/3

rotation is multiplication by e = w, where w is a primitive cube root of unity.

10
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After rotation, the image should be 23, so:

L e2mi/3 _ 3

z zZ.

Dividing both sides by z (since z # 0):

e27rz/3 — 22.

2mi/3

The two square roots of e are:

/3 o .- o 1
z=e = cos 60° + 7 sin 60 :§+—z,

o5

V3

o . 1
2 = M3 ATI/3 65 940° + i sin 240° = -5 - 7@'.

mi/3

Answer: z =c¢ or z =

oAmi/3 ‘

Worked Example 3: Loci and Geometry

AMC 12. Describe the locus of all z such that |z — 1| = |z + 1].

Solution:

What should we identify first? The two reference points and the equidistance condition. The
equation |z — 1| = |z + 1| says that z is equidistant from the points 1 and —1 in the complex

plane.

The locus of points equidistant from two fixed points is the perpendicular bisector of the line
segment joining them. The segment from —1 to 1 has midpoint 0 and lies on the real axis.

The perpendicular bisector is the vertical line passing through the origin, which corresponds

to all purely imaginary numbers.

Answer: The imaginary axis: {z =0bi: b € R}

11
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Worked Example 4: Angle and Spiral Similarity

AMC 12. In the complex plane, points A = 1 and B = i form two vertices of a

square. Find the other two vertices if the square has sides of length 1.

Solution:

Let’s pause and interpret what this gives us: the points 1 and ¢ differ by a 90° rotation and
equal magnitude, suggesting adjacent vertices of a square. We have A =1 and B = 1. The
distance is |i — 1| = | — 1 +i| = v/2. So the side length is /2, not 1; we interpret the problem
as a square with these two vertices adjacent.

To find the next vertex C' from B, we rotate the vector from A to B by 90° about B:
B—-A=1-—1i.

Rotating (1 — i) by 90° counterclockwise: multiply by ™2 = i

i(l—i)=i—i=i+1=1+i.

SoC=B+(1+i)=i+1+i=1+2i.
Similarly, D = A+ (1+4)=14+1+i=2+1.

|Answer: C'=1+2i, D=2+i]

7 Roots of Unity

nth roots of unity: Solutions to 2z = 1 are

equally spaced on the unit circle.

Geometric interpretation: The nth roots of unity are vertices of a regular n-gon centered
at the origin with one vertex at 1.

At this point, notice that arguments differ by equal steps 27”, which drives many symmetry

sums.

12
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Sum of all roots: For any n > 2:

Useful fact: If 2" =1land 2z # 1, then 1 + 2+ 22 +--- + 2" 1 = 0.

AMC 12. If 2° =1 and z # 1, compute 1 + z + 22 + 23 + 2.

Solution:
Let S =1+ 2+ 224 23 + 2% This is a geometric series.

Multiply both sides by (z — 1):

Se—1D=0+z2+22+2 4+ -1 =2+ 22+ 4+ 22+ 22— (1 + 2+ 22+ 2+ 2%).

Simplifying:
S(z—1)=2"—1.

Since 2° = 1:

S(z—1)=1-1=0.

Since z # 1, we have z — 1 # 0, so S = 0.

AMC 12. How many roots of z1° = 1 are purely imaginary?

Solution:

What should we use first? Translate “purely imaginary” into an argument condition. The
10th roots of unity are z, = e2™*/19 for k =0,1,2,...,9.

A root is purely imaginary when z, = bi for some nonzero real b. In polar form, purely

imaginary numbers have argument 7/2 or 37 /2.

We need:
2k T

02

2k B 3

or W—2

13
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Simplifying:
10 30

Neither gives an integer k in the range 0 < k < 9.

Answer: 0

AMC 12. How many roots of z'2 = 1 have 2* real?

Solution:

What should we look for first? When an exponential ¢ is real—its argument must be a
multiple of 7. The 12th roots of unity are z, = e*™*/12 for k =0,1,..., 11,

We compute:

4 2mik-4/12 _

_ 2mik/3
z, =e :

e

For z{ to be real, we need the argument to be a multiple of 7

21k .
= =mm for some integer m.

Simplifying:
2k
?zm — 2k=3m — k:i%m'

For k to be an integer with 0 < k < 11, we need m to be even. Let m = 2n:
k=3n, n=0,1,23.

This gives k € {0, 3,6, 9}.

AMC 12. How many roots of 22 = 1 have 23 real?

Solution:

Why might power arguments help here? Taking powers scales angles linearly. The 12th

roots of unity are z, = e>™*/12 for k =0,1,...,11.

14
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We compute:

zi’ _ e27nk-3/12 _ eﬂzk/Q.

For 2} to be real, the argument must be a multiple of 7:

7k

5 =m7 for some integer m.

Simplifying:

k

5 =m = k =2m.
For 0 < k < 11, we have k € {0,2,4,6,8,10}.

Answer: 6

8 Advanced Roots of Unity Theory

Cyclotomic Polynomials and Factorizations

Key Idea: Roots of unity allow us to factor ™ — 1 completely over C.

Factorization:

2" —1=(r —wo)(x —w1) (T —wn1),

2mik/n

where wy =€ are the nth roots of unity.

Primitive roots: An nth root of unity w is primitive if w* # 1 for 0 < k < n.

Cyclotomic polynomial: &, (x) is the minimal polynomial whose roots are the primitive

nth roots of unity.

Now comes the key observation: separating primitive roots from non-primitive ones organizes

factorization and sum identities.

Sum of Roots and Geometric Series

Sum of all nth roots: )

Z e27rik/n —0.

k=0

General principle: If 2" =1 and 2 # 1, then 1 + 2z + 22 4+ - --

15
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AMC 12. Let w = e*>™/7 be a primitive 7th root of unity. Compute w + w? + w® +
w* + w® + Wb,

Solution:

What should we leverage first? The sum of all 7th roots equals 0. Since w” =1 and w # 1,
we know that:
ltwtw +w+wt+0®+w® =0

Therefore:

wHw+ ot + o+t = -1,

| Answer: —1 |

Power Sums of Roots of Unity

2mi/n

Key Theorem: For w =e¢ and integer m:

Zwka n ifn|m,

=0 0 otherwise.

This is because if n | m, then w™ = 1, so each term equals 1. Otherwise, w™ is a primitive

(n/ ged(n, m))-th root of unity, and the sum of all those roots is 0.

Let’s pause and interpret what this gives us: sums over evenly spaced angles collapse by
symmetry unless the step lands at 1.

AMC 12. Let w = ™/, Compute > »_, w*.

Solution:

What should we look for first? Whether 3 is divisible by 6 to trigger the nonzero case. We
have n = 6 and we're summing w?* for k = 0,1,...,5.

27i/6

Since w =€ , we have:

w3 _ 6271'1-3/6 — ™= _1.

16
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Therefore:

5 5
D= (-1)f=1-1+1-1+1-1=0.

k=0 k=0

Alternatively, since 6 1 3, by the theorem above, the sum is 0.

Conjugate Pairing and Reality Conditions

2mik/n —2mik/n 2mi(n—k)/n

Conjugate pairs: If w=¢ is a root of unity, then W = e =e is also a

root.
Reality of powers: For z = e>™*/" the power 2™ = e2™™/" ig real if and only if the
argument % is a multiple of 7, i.e., %Tm €.

At this point, notice reality constraints turn into simple divisibility checks on angles.

AMC 12. How many 12th roots of unity z satisfy 22 4+ z* + 26 + 28 4+ 210 is real?

Solution:

What should we look for first? Group terms by a common factor and use root-of-unity sums.
Let z = e2™k/12 for | =0,1,...,11. We need 22 + z* + 26 + 28 4+ 21 to be real.

Factor:
P24+ 8+ B+ =21+ 2+ 20428,
Let w = 22 = ¢2™k/6 Then:

21+ + 2+ 204 2% = w(l + w+ w4+ w4+ w?).

For k # 0,6, we have w # 1, so 1 +w + w? + w3 + w* = —w® (sum of 6th roots excluding 1).
Actually, if w® = 1 and w # 1, then 1+w+w?+w+w*+w?® = 0, so 1+w+w? +wi+w* = —w?.

For the expression to be real, we need w(—w’) = —w® to be real. Since w® =1 (real), this
is real for all k.

Actually, let’s reconsider. For a complex number S to be real, we need S = S.

Note that if z = €?>™/12 then the expression is a geometric series. The sum is real when

2

it equals its conjugate, which happens when k = 0,3,6,9 (where 2* is a 6th root with even

spacing, making conjugate pairs cancel).

17
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After checking: k € {0,2,4,6,8,10} (even values) make it real.

9 Complex Numbers and Trigonometric Identities

Exponential identities:

These forms let you simplify trigonometric expressions algebraically—very handy on
AMC 12.

AMC 12. Evaluate cos 20° cos 40° cos 0°.

Solution (using complex exponentials):

What should we look for first? A representation that turns products into sums—exponential
form of cosine. Let § = 20° = § radians. We want to compute cos ¢ cos 26 cos 46.

. . 6 —1i6
Using the exponential form cosf = %:
0 —if 26 | ,—2if 46 | —4if
e” +e e +e e +e
COSQZT, COSQQZT, cosd) = ———

Therefore:

1 . ) . ) . .
cos 0 cos 26 cos 40 = g(e’(’ + 7Y (€2 + e720) (&M 4 ).
Expanding the product systematically:
(eie + e—i0)<€2i9 + e—2i0) — 631'9 + e—i& + 61'0 + 6_3i9.
Now multiply by (e*? + e=49):

(632'9 +€i0 +e—i0 +6—3i0)(€4i0 —|—6_4i0).
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Expanding:
— 6719 +e—19 + 6519 + 6—329 + 6319 + 6—519 +629 4 6_719.

Grouping conjugate pairs:
— (e7z‘9 + 6—71'9) + (651‘9 + e—En'@) + (631‘9 + e—SiG) + (6i9 + e—ié’)‘
Using ¢ + e~ = 2 cos(nd):

=2cos70 + 2cosbf + 2cos 360 + 2cos.

With 6 = 20°:
= 2(cos 140° + cos 100° 4 cos 60° 4 cos 20°).

Using cos 60° = %, cos 140° = — cos 40°, cos 100° = — cos 80°:
o] o 1 o 1 o (o] (o]
=2 ( —cos40° — cos 80 +§+COS2O =2 1+§—(cos40 + cos 80° — cos20°) | .

By the identity cos 20° + cos 100° + cos 140° = 0 (sum of cosines at 120° apart):

=2-—-=1.

1
2

Therefore: ) .
cos 20° cos 40° cos 80° = g 1=-—-.

1
Answer: —
8

The z + % Archetype

If z =€, then 2 + % = 2cos#; many AMC products collapse via this substitution.

AMC 12. Let z + 1 =2c¢0s20°. Compute z'® + 2715,

Solution:

What should we look for first? Match z + 27! to 2cos 6 to identify §. Given that z + % =

. - 500 _5.900
2 cos 20°, we recognize that z = €29 (or z = e7*20").

19
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Indeed, if z = €%, then:
1 . .
24— =€+ e =2c0s0.
2
With 6 = 20°, we have z = 2",

Now compute:
p— ] . o —1. . o ). o —q. o

Since 360° = 27 radians corresponds to a full rotation, 3% = 1.

Therefore:
M =14+1=2

AMC Strategy Summary

e Powers — polar form and De Moivre’s theorem

Symmetry — roots of unity

Geometry — rotations via multiplication
e Trigonometry — exponential form

e Expressions like z + % — cosine substitution

Master these patterns to efficiently solve any AMC 12 complex-number problem.

20
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